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Abstract 

These lecture notes present an introduction to the fuzzball proposal and emission from 
the D1-D5 system which is geared to an audience of graduate students and others with 
little background in the subject. The presentation begins with a discussion of the Penrose 
process and Hawking radiation. The fuzzball proposal is then introduced, and the two- 
and three-charge systems are reviewed. In the three-charge case details are not discussed. 
A detailed discussion of emission calculations for D1-D5-P black holes and for certain non- 
extremal fuzzballs from both the gravity and CFT perspectives is included. We explicitly 
demonstrate how seemingly different emission processes in gravity, namely, Hawking radi- 
ation and superradiance from D1-D5-P black holes, and ergoregion emission from certain 
non-extremal fuzzballs, are only different manifestations of the same phenomenon in the 
CFT. 
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Chapter 1 

Introduction 



Black holes provide a deep and satisfying connection between gravitational physics, ther- 
modynamics, and quantum mechanics. They also provide the best theoretical laboratory 
for studying problems of quantum gravity. In this regard, they not only pose well-defined 
questions, but also spring forth numerous deep puzzles. Perhaps the most debated and the 
sharpest of these puzzles is the Hawking information paradox. The information paradox 
puts quantum mechanics and general relativity in sharp contrast. It leads us to conclude 
that pure quantum states can evolve into mixed states in processes involving formation 
and complete evaporation of black holes. Such evolutions are forbidden by the usual rules 
of quantum mechanics. A working theory of quantum gravity must resolve issues raised by 
the information paradox. 

String theory is a quantum theory of gravity. It has provided significant insights in 
answering many puzzles surrounding properties of black holes. One of the greatest successes 
of string theory is the Sen-Strominger-Vafa counting of the microscopic configurations of 
the D1-D5-P system, and thereby reproducing the Bekenstein-Hawking entropy of the 
corresponding black hole [TJ [5] . After Strominger and Vafa several authors have counted 
microscopic configurations at weak coupling using brane physics and have reproduced the 
Bekenstein-Hawking entropy of a variety of extremal and near-extremal black holes (see, 
e.g., reviews [3j |H \5\ |6] and references therein). These calculations — important as they 
are — do not tell us anything about how the individual microstates look like in the strong 
coupling description, and in particular, in the gravity description. These calculations also 
do not shed much light on the Hawking information paradox or on the intrinsic nature of 
the Bekenstein-Hawking entropy from a purely gravitational perspective. 

To address these and related questions Samir Mathur and his collaborators have put 
forward a bold proposal — the so-called Fuzzball Proposal. In this proposal, a black hole 
geometry is an effective description of an ensemble of states. In the framework of this 
proposal, quantum gravity effects are not confined to the Planck length. Typical states of 
the ensemble have structure up to the scale of the horizon. Radiation from non-extremal 
would-be black holes does not happen by a pair production process from the vacuum, but 
rather happens from the surfaces of the black hole's microstates. Consequently, the emitted 
radiation is capable of carrying information, and seemingly the information paradox does 
not arise. 

The fuzzball proposal has met with most success in the case of the extremal two-charge 
string theory black holes. For the two-charge system all microstates have been identified 
in the gravity description and it is shown that typical states have a size that scales as a 
function of charges as it would for a would-be black hole. For other black holes the situation 
is much less developed. 

In this review we discuss the fuzzball proposal and related ideas. Our presentation 
is geared to an audience of graduate students and others with little background in the 
subject. The review is organized as follows; for more detailed overviews see the chapter 
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introductions. We begin with a discussion of the Penrose process and Hawking radiation in 
chapter [5J In chapter [3] the fuzzball proposal is introduced, and the two- and three-charge 
systems are reviewed. Our discussion of the three-charge system should be regarded as a 
starting tutorial on the subject rather than a review. A detailed discussion of emission 
calculations for D1-D5-P black holes and for certain non-extremal fuzzballs from both the 
gravity and CFT perspectives is included in chapter This chapter is the main emphasis 
of the review. Here we explicitly demonstrate how seemingly different emission processes 
in gravity, namely, Hawking radiation and superradiance from D1-D5-P black holes, and 
ergoregion emission from certain non-extremal fuzzballs, are only different manifestations 
of the same phenomenon in the dual CFT. 
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Chapter 2 

The Information Paradox 



In this chapter we review the Hawking information paradox. 

2.1 Penrose Process 

Historically the roots of the Hawking's remarkable discovery lie in the Penrose process, 
which we very briefly review in this section. For more details we refer the reader to 
standard references such as [7]. Our presentation follows [8]. This discussion also sets the 
stage for our later chapters where we discuss superradiant scattering from a rotating black 
hole. 

Let us start by recalling that for the stationary Kerr metric the asymptotic time trans- 
lation Killing field i M becomes spacclikc even in a region outside the event horizon. The 
region outside the horizon where it is spacelike is called the ergoregion, and the surface 
where it becomes null is called the ergosphere. For a point particle with four momentum 
p* 1 propagating in the Kerr geometry, the conserved Killing energy is E = t^p^. For phys- 
ical particles the Killing energy is positive provided the Killing vector is also future 
directed and timelike. However, where becomes spacelike, i.e., in the ergoregion, some 
physical four-momenta can have negative Killing energy. This fact is at the heart of the 
Penrose process. We depict the Penrose process in figure 12.11 In this process, a particle 
of energy Eq > is sent from outside into the ergoregion of a rotating black hole where it 
breaks up into two pieces with Killing energies E\ and i?2- The total energy is conserved 
Eq = Ei + E2, but the energy E2 is arranged to be negative. The particle with energy 
Ei comes out whereas the particle with energy E2 falls into the black hole. As a result, 
Ei > Eq: more energy comes out than entered. The black hole absorbs the negative energy 
E2 and hence loses mass. It also loses angular momentum. In the Penrose process the area 
of the horizon either increases or remains unchanged. 

A very similar phenomenon occurs for a classical field scattering from a rotating black 
hole spacetime. A scattering in which a wave-packet of more energy than the one sent-in 
comes out is called a superradiant scattering. This is similar to the lasing action^. The 
analogy with lasers immediately suggests that the amplification of the energy of the wave- 
packet is stimulated emission of quanta from the rotating black hole. Thus, it is expected 
that quantum fields exhibit not only stimulated emission but also spontaneous emission 
in a rotating black hole spacetime; though the spontaneous emission is not captured in 
the classical description of the scattering. Hawking in his pioneering work showed that 
spontaneous quantum emission occurs even in a non-rotating black hole spacetim^]. This 
phenomenon is called the Hawking effect. It is a pair creation process in which one particle 

1 In chapter 0] we will see that the superradiant scattering is exactly the lasing action when interpreted 
in the CFT language. 

2 A history of these developments can be found in, e.g., [9]. 



■5 




Figure 2.1: The Penrose process. In (a) a particle of energy Eq > is sent into the 
ergoregion. In (b) the particle splits into two particles; one with energy E% > Eq escaping 
out, and the other with energy E% < falling into the horizon. 



of the pair has negative energy and it falls inside the horizon, while the other particle 
has positive energy and it stays outside and escapes to infinity. The Hawking radiation 
comes out with a thermal spectrum at the temperature Th — g^GMkB • ^ e rev i ew the 
Hawking effect in more detail in the next section. In the following we work with Planck 
units: fi = c = G = fcs=l. 



2.2 Hawking Radiation 

Hawking in his pioneering work [TU] showed that black holes spontaneously emit thermal 
radiation. In this section we rederive Hawking's result. Our derivation closely follows the 
one given in QT] . See also H2 02 CE] . 



2.2.1 Quantum Field Theory in Curved Spacetime 

We start with a brief review of some basic concepts related to quantum fields in curved 
spacetime. Let us consider a free massless scalar field on a curved background satisfying 
the Klein-Gordon equation 

-^=S p (V=fl^*) = . (2.2.1) 

For a solution A of this equation we define the conjugate momenta as tta = n^d^A, where 
is the vector normal to a Cauchy surface E. If A and B are two solutions to the 
Klein-Gordon equation, we define the Klein-Gordon inner product as 

(A,B) = -i I dZ»(Ad»B* - d^AB*) 
is 

= -i [ (1V(Att* b -ir A B*) . (2.2.2) 

This inner product is conserved on-shell but is not positive definite. 

One can now choose a complete set of solutions u* k } of the Klein-Gordon equation 
(here k is a generalized index which would be momentum in flat spacetime) normalized as 

(u k ,u kl ) = 5(k-k'), (u* k ,ul,}=-5{k-k'), (u k ,ul,}=0. (2.2.3) 
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We now expand the field $ in this complete basis as 

$ = / d(i(k){a k u k + a\u* k ) , (2.2.4) 

with dfi(k) being the measure used in the normalization of the delta functions J dfi(k)S(k) = 
1. The coefficients in the expansion (|2.2.4p can be extracted using the inner product 

a fc = <«*»*). 4 = -K,$). (2.2.5) 

To canonically quantize the scalar field we simply write the equal time commutation 
relation 

[$(x,t),Il(y,t)}=i5(x-y) . (2.2.6) 
This commutation relation leads to the mode algebra 

[a k ,al,]=5{k-k% [a k ,a k ,]=Q, [4,4,] =0. (2.2.7) 

As in standard quantum mechanics, we define the Fock vacuum |0) M for the it-basis as the 
state annihilated by all annihilation operators a k 

a fe |0) u = 0. (2.2.8) 

Excited states are obtained by acting with the creation operators a\ on the vacuum |0)„. 
The number of particles in an excited state is the eigenvalue of the number operator N k = 
a\a k . 

One can also consider a different complete set of solutions {v k , v k , } normalized in the 
same way and expand in terms of this set with annhilation and creation operators b k , b k . 
The vacuum with respect to the v-modes is defined as 

b k \0) v = 0, (2.2.9) 

and in general 

»<0|0>„ + 1 . (2.2.10) 
Expansion of a u-mode in terms of the w-basis takes the following form 



v k = J dfj,(k') (a kk >u k > + ^fefe'Ufe/) , (2.2.11) 
where a kk ',f3 kk r are the so-called Bogoliubov coefficients. They obey 
dfi(k')(a kk ,a* k „ k ,-p kk/ /3* k „ k ,) = 6(k-k"), 

dii{k'){p kk ,a k „y - a h kfPvkf) = 0. (2.2.12) 
From these relations we get 

«<0|ftj[6fc|0) o = / ' dnWPwPw . (2- 2 - 13 ) 



and 

»<0|aj[a fc |0) o = / d»{k')p k , k pt, k . (2.2.14) 



Thus, the Fock vacuum |0)„ is in general populated with the v -modes. Similarly, the Fock 
vacuum |0)„ is populated with the u- modes. 

Different choices for the complete set of solutions for the Klein-Gordon equation cor- 
respond to different choices of the observer. It is easy to verify that in flat spacetime the 
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vacuum states for all inertial observers are the same. However, the vacuum states for a 
uniformly accelerated observer and an inertial observer are not the same. A uniformly 
accelerated observer sees the vacuum state of an inertial observer in thermal equilibrium 
at a non-zero temperature [15]. This is known as the Unruh effect. 

Let us emphasize that in a general curved spacetime there is no preferred set of solutions 
{ufc,w£,}, and hence there is no natural choice for the vacuum state. As a consequence, 
there is no natural notion of particles. However, in stationary spacetimes the notion of 
particles is physically and mathematically well defined. If the spacetime admits a globally 
well defined timelike Killing vector £ with its norm bounded away from zero, then there 
are distinguished modes of positive (and negative) frequencies whose Lie derivative along 
the Killing vector obey 

C^u k = Ti^kUk • (2.2.15) 

The analysis presented above is at the heart of the Hawking effect as we review now. 
By looking at the infalling vacuum in terms of the outgoing modes at late times it leads us 
to conclude that black holes radiate with a thermal spectrum. 



2.2.2 Hawking Radiation 

For the Schwarzschild black hole 



= -[i-^£\ d t 2 

r 



dr 2 



f l _2M- 



+ r 



2 d9 2 



r 2 sin 2 8d(j) 2 



(2.2.16) 



we study the Hawking effect by looking at the s-wave of a scalar field in the black-hole 
background. Since we are working with the s-wave, from now on we restrict our attention 
to only the temporal and radial part of the metric. To solve the Klein-Gordon equation in 
the Schwarzschild background we take the ansatz 



$ = e 



,f(r) 



which gives the wave equation 

d 2 f(r*) 
dr 2 



where 



V(r] 



+ {lo 2 -V(r))f(n)=0 



= ( 1 _™\2M 
r I r 6 



r 
2M 



1 



The tortoise radial coordinate is defined as 

r* = r + 2M log 

Next, we define the null coordinates 

u = t — r* , v = t + , 
and the conformally related Kruskal coordinates as 



(2.2.17) 

(2.2.18) 
(2.2.19) 

(2.2.20) 

(2.2.21) 
(2.2.22) 



where k = -A? is the surface gravity of the Schwarzschild black hole. Note that the potential 
(|2.2.19p goes to zero near the horizon (r* —¥ — oo) and also near infinity (r* — ► oo). Thus 
in these two regions we have the positive frequency solutions as 



fi° Ut) (u) = 



1 



2uj 



/£ n) 0>) = 



(2.2.23) 



Our strategy to see the Hawking effect is to look at the infalling vacuum and study how 
it looks in terms of the outgoing modes at late times in a collapsing black hole spacetime. 
This is most easily done by looking at the 'time reversed' situation, that is, by propagating 
outgoing waves backward in time and studying their decomposition in terms of ingoing 
positive and negative frequency modes at past null infinity. To this end let us start by 
looking at the Penrose diagram in figure 12.21 of a black hole formed in a gravitational 
collapse. Notice from equation (12.2. 23p that at late times, u — > oo, the phase of the 




u=U=-oo 
v=v= oo 



Figure 2.2: A Penrose diagram of a spherically symmetric spacetime in which gravitational 
collapse to a Schwarzschild black hole takes place. Outgoing waves starting from J + 
propagated backwards end up on J~ . 



outgoing modes oscillate rapidly. Therefore geometrical optics approximation is valid, and 
it becomes better and better as u — > oo. Outgoing waves propagated backwards starting 
from all end up on J~ . This is illustrated in figure 12.21 The approximate waveform 
on J~ can be obtained as follows. 

It can be easily shown that at late times near the future null infinity the metric is 

ds 2 ~ -dUdV . (2.2.24) 

So U — A is the affine parameter and we get 

Aout) = _L e -fa™ = _L e i£log(-A) (2.2.25) 

From figure |2~21 we see that the horizon is at U = A = 0. By definition this is the last ray 
which makes it out of the black hole. We trace back this ray to past null infinity. We call 
this ray 7h- We define v = to be the point where 7h intersects J~ . The metric at past 
null infinity is 

ds 2 = -dudv , (2.2.26) 
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so the affine parameter is simply v. Now recall that the behavior of geodesies sufficiently 
close to 7h will be well described by the geodesic deviation vector. The geodesic deviation 
vector describing geodesies near 7h propagates linearly along 7h. As a result, we see that 
the wave-form near v = will behave as a function of v in the same way as it behaves 
as a function of the affine parameter along the geodesic tangent to the geodesic deviation 
vector at any other point on 7h- In particular, we can choose that point to be near U = 
at future null infinity. Thus the projection of the wave-form at future null infinity onto 
past null infinity is given by 

fi OUt) (v) = \ MiaK tJ III (2-2.27) 



■Jog(-D) V< Q 

Now we want to express these (projected) outgoing modes in terms of ingoing modes 
on past null infinity 

/*°° A ' 1 

fL° ut) (v) = —-={a^e-^ + P^e^) . (2.2.28) 
Jo 27r V2w' 

Instead of directly evaluating this we look for Fourier modes of (12.2. 27[) 

/•oo />oo 

fuw = / e*"' v f u (v) = / d«e-*-V* . (2.2.29) 



This integral can be explicitly evaluated. Keeping u>' > we can see that (for details see 
e.g. Appendix A of [TB]) . 

/«(-«') = -e-^Lwi oj' > (2.2.30) 

From this is follows that 

P uu > = -e-'fttw ■ (2-2.31) 
Using (|2.2.12l) . (|2.2.13j) and (I2.2.31|) one finds 

Nu = J = t ^¥~J ■ (2 - 2 ' 32) 

In arriving at this expression we have replaced <5(0) on the right hand side by the large 
time cutoff t [TT] . The total number of particles emitted is therefore infinite. However this 
infinity is because the black hole radiates for an infinite amount of time. In this calculation 
the mass decrease of the black hole because of the radiation is not taken into account. 
Looking at the number of particles emitted per unit time in the frequency range to and 
uj + dto we see that the black hole radiates at the temperature 

T BH = -L: • (2.2.33) 

One can see from the potential (|2.2.19l) that there is a potential barrier centered around 
r = > 2M. Thus only a fraction of the flux passes through the barrier. Taking this 
into account [18] as well as the effect of different angular momenta the total luminosity is 
given by 

where T^i are the so-called 'greybody factors.' They encode the deviation from the black- 
body spectrum. They are the fraction of the incoming quanta that fall into the black hole. 
They are also the fraction of the outgoing quanta emitted at the horizon that make it out 
to the asymptotic region. We will explicitly calculate these factors for the string theory 
D1-D5 black holes in section 14.1.21 
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We can now estimate the lifetime of a black hole by ignoring the greybody factors and 
using the Stefan-Boltzman law 

— = -4tt(2M) 2 , 1 ~ ~j oc . (2.2.35) 

dt v ; (8ttM) 4 M 2 y ' 

This gives the lifetime 

t ~ Af 3 . (2.2.36) 

Observe that the black hole completely evaporates away after a long but finite time. 

For rotating black holes almost the same analysis goes through. The most important 
modification arises from the fact that the Killing vector normal to the horizon is dt + 
rather than simply dt , where fin is the angular velocity of the horizon. This essentially has 
the effect of the replacement wtow- miln in (|2.2.34j) . Here m is the azimuthal number 
of the outgoing wave at . The expression for luminosity now reads 

dM f "° duj uj T u 

i=o m=-i e2 



dt Jo ^L±L,e^-^-l 



For uj — mf^H < the integrand is negative; though the equation formally continues to 
hold. Modes for which uj — mflu < are called superradiant modes. For these modes the 
scattering cross-section is negative. As a result, a wave analogue of the Penrose process 
occurs. The phenomenon is called superradiance. 

A different kind of radiation happens for rotating stars with ergoregions. In this case 
there is no horizon but a rotating star suffers from a classical instability called the ergoregion 
instability [TH1 HO] • Radiation comes out of the star with amplitude increasing exponentially 
with time. We will see in the later chapters that these seemingly unrelated phenomena, 
namely, Hawking radiation, superradiance, and ergoregion emission are in fact intimately 
interrelated. 



2.3 Hawking Information Paradox 

Hawking's discovery of the black hole radiance eluded to a deep connection between ther- 
modynamics, gravitational physics, and quantum mechanics. Of particular importance is 
the formula for the (intrinsic) Bckcnstcin-Hawking entropy for a black hole 

S=j, (2.3.1) 

where A is the area of the event horizon in Plank units. The precise nature of the 
Bekenstein-Hawking entropy has been a topic of intense research since Hawking's remark- 
able discovery. Developments in string theory have provided significant insights into the 
nature of this entropy. 

Black hole radiance, at the same time, raises some serious puzzles. These puzzles 
have been much debated over the last four decades, and many of them have not yet been 
completely resolved. One of the most debated puzzle of this nature is the Hawking's 
proposal that the usual rules of quantum mechanics do not apply to a process in which black 
holes form and evaporate completely. If this proposal is correct, then we face the formidable 
task of reformulating quantum physics as a new self-consistent framework that agrees with 
experiment. To begin with one might be inclined to dismiss Hawking's proposal — one might 
argue that the proposal is founded on a semiclassical calculation in which gravitational back 
reaction effects arc not properly taken into account. There is little prospect that a detailed 
calculation of back reaction effects can be done in the near future, as it would require the 
knowledge of quantum gravity (see [T2] for a more detailed discussion of these issues) . On 
the other hand, it has been argued that Hawking's conclusion is completely robust and 
inescapable [21] [22] . 
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The Paradox 

As we discussed above, in the semiclassical calculation of black hole radiance, Hawking 
found that the emitted radiation is exactly thermal. In particular, the details of the ra- 
diation do not depend on the nature of the body that collapsed to form the black hole. 
The state of the radiation is completely determined by the geometry outside the horizon. 
The fact that the radiation outside the horizon is thermal (and hence a mixed state) is not 
puzzling. This is because the region outside the horizon is only a part of the full quantum 
system. The full quantum system consists of the infalling matter and degrees of freedom 
of quantum fields inside and outside the horizon. The degrees of freedom of quantum fields 
living outside and inside the horizon are correlated. However neither of them are correlated 
with the infalling matter. These correlations are responsible for the mixed nature of the 
radiation observed by observers outside the horizon. 

A truly paradoxical situation arises when the black hole evaporates completely; since 
now the radiation is the complete system, and there is no region behind the horizon. So, 
if the radiation is indeed in a thermal state as Hawking found, it appears that the initial 
pure quantum state, by collapsing into a black hole and evaporating completely, evolves 
in a thermal (mixed) state. This is the Hawking information paradox. In analyzing the 
evolution of black holes within the standard framework of general relativity and quantum 
mechanics we are led to conclude that a pure state can evolve into a mixed state. Such an 
evolution is forbidden by the usual rules of quantum mechanics. 
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Chapter 3 



Fuzzballs 



As discussed in the previous chapter, black holes have entropy and they decay with a 
thermal spectrum. This leads to several puzzles, in particular, to the following, all of 
which have been intense topics of research in the last four decades: 

• What are the microstates of a black hole? 

• Where are the microstates of a black hole? 

• Does unitarity indeed break down in processes in which black holes form and evapo- 
rate completely? 

String theory has provided significant insights in answering the first question. For a variety 
of extremal and near-extremal black holes several authors have counted states at weak 
coupling using brane physics and have reproduced the Bekenstein-Hawking entropy of cor- 
responding black holes. However these state countings do not tell us anything about how 
the microstates look like in the strong coupling description, and in particular, in the gravity 
description. These calculations also do not tell us much about the second and the third 
question. In the rest of the review an approach to resolve these questions in the framework 
of the so-called Fuzzball Proposal is discussed. According to this proposal, a black hole 
geometry is an effective description of an ensemble of states. In the framework of this 
proposal, quantum gravity effects are not confined to the Planck length. Typical states 
of the ensemble have structure up to the scale of the horizon. In this proposal, radiation 
from non-extremal would-be black holes does not happen by a pair production process 
from the vacuum, but rather happens from the surfaces of the black hole's microstates. 
Consequently, the emitted radiation is capable of carrying information, and seemingly the 
information paradox does not arise. 

The fuzzball proposal has met with most success in the case of the two-charge string- 
theory black holes. For the two charge system all states have been identified in the gravity 
description and it is shown that typical states have a size that scales as a function of charges 
as it would for a would-be black hole. For three and four-charge string theory black holes 
large classes of smooth supersymmetric geometries (see [231 1213 HI] for reviews) and 
some non-supersymmetric geometries [23 HH ETB USB EI] have been constructed. Not all 
smooth supergravity states have been found. It has been argued that all states may not 
admit a supergravity description [26) . In this chapter we give a brief overview of the two- 
and three-charge solutions. In the three-charge case our discussion is particularly brief; 
many topics of current interest are not addressed. 

3.1 Two Charge Solutions 

The simplest and the best understood example of quantum gravity effects scaling over 
distances much bigger than the Planck length is the two-charge system. The black hole 
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solution is obtained by compactifying type IIB string theory on T 4 x S 1 and wrapping n$ 
D5 branes on the torus and the circle and n\ Dl branes on the circle. The volume of the 
torus is taken to be {2-K) i V and the the length of S 1 is taken to be 2irR. At low energies 
the worldvolume dynamics of the branes is described by an J\f = (4, 4) super-conformal 
field theory (SCFT). This SCFT is discussed in section 14.2.11 Here we focus primarily on 
the supergravity solutions of the system. 

Naively the metric and the dilaton are obtained by the Harmonic superposition rule 



4 , 4 

+ dy 2 ) + ^gTgEY, dx ^ + \ H ' 



rfsLivc = ~-=(-dt 2 + dy*) + y/gigiy ]dxf + ]dzf 



e v = — , 5 i = l + —, 55 = 1 + — . 3.1.1) 

ff5 H H 

For simplicity we have not presented the RR gauge fields produced by the D-branes. The 
charge radii Qi and Q5 are related to integer charges as 

Qi = yU, Q 5 =gl 2 s n 5 . (3.1.2) 

This system has a zero size horizon at r = 0. Thus its Bekenstein-Hawking entropy is 
zero. It was argued in [32] that the metric (|3.1.1[) is not the correct description for the 
D1-D5 system. The correct description of the system depends on a closed curve in the 
non-compact space. The statistical mechanics of this curve gives the transverse size for a 
typical curve and this sets the size for a typical solution as shown in figure 13.11 A subset 
of these solutions based on these curves were constructed in [32] [33J and the rest of the 
solutions were constructed in [MJ [351 EE] • 

We can understand the statistical mechanics of this system by going to a dual frame 
where the D5 branes map to a fundamental string wrapping S 1 and the Dl branes map 
to momentum running along S . The bound state of this system consists of a long string 
of winding 715 on S 1 carrying n\ units of momentum. The momentum manifests itself as 
bosons and fermions on the string worldsheet. There are 8 such bosons and 8 such fermions 
corresponding to the string bending in the T 4 and R directions. Thus the system is a 
1 + 1 dimensional gas and from its statistical mechanics (see |37j for a recent discussion) it 
follows that the entropy is 

^-charge = 27TV / 2\All»l5 ■ (3.1.3) 

The generic quanta is in the harmonic 



k = V«i n 5 , (3.1.4) 

with occupation 

n fe « 0(1). (3.1.5) 

Now we have a puzzle. The weak coupling Fl-P analysis shows that the system has an 
entropy that scales as yjri\n^. Since the system is supersymmetric, this quantity should be 
protected by supersymmetry as we increase the string coupling. However, the Bekenstein- 
Hawking entropy of the naive solution is zero. 

The answer to this puzzle lies in the fact that the fundamental string carries only 
transverse vibrations. This leads to a puffing up of the naive solution. Supergravity 
solutions for fundamental string carrying vibrations with an arbitrary transverse vibration 
profile F(t—y) were explicitly constructed in [SHUSH]. These solutions correspond to bosonic 
excitations carrying momentum on a string in the y direction. They were dualized to the 
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D1-D5 frame in [35] to get the solutions 



ds s 2 tri = -— ^(-(df - A t dx l f + (dy + B t dx 1 ) 2 ) + v^Vda;, 2 
V9i95 ^ 



i=l 




e 9 = — , 95{x) = 1 + 



2 



i 7o |f-F(w)| 2 

^(*) = / L = - * 4 dA , (3.1.6) 

^ Jo \x — b \y)\ l 

where * 4 is taken with respect to the flat metric for the non-compact Xi space. The length 
of integration is given by 

L = , (3.1.7) 



and the charges are related by 



Qi =C J- I dv(F(v)) 2 . (>!.], si 



ii 



For these solutions we see that if F(v) is bounded from above, that is, if \F (v)\ < b, then at 
large distances, r ^> b, we recover the naive metric 13.1.11 Near r J$ b, metrics for different 
profile functions F(v) differ from each other. Furthermore, all these metrics seem to have 
a singularity at x = F(v), but it was shown in |34j that this is just a coordinate artifact; 
the solutions are completely smooth everywhere. These solutions were quantized using 
geometric quantization in |40) and were found to give the entropy 



^Rychkov = 27r y -nin 5 , (3.1.9) 

which is the correct contribution, when we take only four R 4 bosons into account in the 
microscopic counting. It is expected that geometric quantization of the full class of solutions 
constructed in [341 1351 136) would give the entropy matching with the weak coupling result 

6X5J . 

There is another intuitive way of understanding the entropy of these solutions. One 
puts a 'stretched horizon' at r ~ b where the generic solutions starts to differ from each 
other. The scale b was found in [?!]■ It was obtained using the fact that in the Fl-P frame 
the string oscillates transverse to itself on the scale of the string length l s . The dualities 
map this scale in the D1-D5 frame to 

(3.1.10) 



VVR 



The area of the stretched horizon is most easily calculated in six dimensions. This is 
because in six dimensions the Einstein and the string frame metrics are the same. The 
area is then found to be 

^stretched = / r 3 v / 5i55 dy dfl 3 = ATT 3 Rb v / Q 1 Q 5 , (3.1.11) 

Jr=b 
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(a) Puzzballs 



(b) Fuzzrings 



Figure 3.1: Cartoons for (a) fuzzball and (b) fuzzring solutions for two profile functions 
each. The green (shaded) region is the region in which the typical solutions differ very much 
from each other. The metric for typical states is similar outside the green (shaded) region. 
If one puts a stretched horizon on the green (shaded) region one gets a coarse grained 
entropy that goes like Stretched ~ \fn\nh for the fuzzballs and like SWetched ~ V n i n 5 ~ J 
for the fuzzrings. 



where we have assumed b <C Ql , Q| which is true in the classical limit. The six dimensional 
Newton's constant is 

G<«> . <5lMi . (3.1.12) 
The Bekenstein-Hawking entropy of the stretched horizon is therefore 

^-stretched . /„ -. -. \ 

•^stretched = — ^Q(6) — ~ V n l n 5 ■ (d.l.ldj 

The above analysis can be extended to the D1-D5 system with angular momentum. We 
let the angular momentum be in the X\ — xi plane and of the order J ~ 0(n\n§). The 
statistical mechanics of the system shows that excitations on the string splits into two parts 
|37j : (a) all the angular momentum is carried in the lowest harmonic, with this subsystem 
contributing no entropy, and (b) the rest of the energy is carried by a thermal distribution 
of excitation in higher harmonics. The entropy of the system is given by 



S = 27r\/2^/nin 5 - J , (3.1.14) 
with the generic quanta in the mode 

k ~ \fn\nz~^ J , (3.1.15) 

with occupation number 

n k - 0(1) . (3.1.16) 
The profile function for this system is given by [H] 

F(v) = a f eicos— + e 2 sin — J +X(v), with \X(v)\<b, (3.1.17) 

where 

IJ '' S -VI. (3.1.18) 



'VR 

Thus, all geometries described by these profile functions look essentially the same outside a 
donut shaped region. The Bekenstein-Hawking entropy for the stretched horizon over this 
donut-shaped region is found to be 



Sstretchcd ~ V n l n 5 ~ J ■ (3.1.19) 
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(a) 



(b) 



Figure 3.2: (a): The geometry of a black hole has an outer fiat space connected by a neck 
to a throat which ends in a horizon with a singularity hidden behind, (b) The geometry of 
a generic state has outer flat space connected by a neck to a throat which ends in a smooth 
cap without horizons and singularities. 



The fact that the real solutions of the D1-D5 system have a size which scales as {nin§) 5 l p 
suggests that probes with insufficient precision fail to capture the details of the system. 
The intuitive picture that the coarse graining of geometries gives a black hole (or a black 
ring for sufficiently large angular momentum) was put on a firmer technical footing in 
references [42l EH [43l HH HQ [36l [46l [47] for this system. 

All these geometries have an inner region that is asymptotically AdS^ x S 3, x T A . As a 
result, we can have a description of the system in terms of a dual conformal field theory. 
For the circular profile function (351 EH] 

F(v) = — — — I ei cos -j- + e 2 sin -j- 1 (3.1.20) 

it was shown in [5U] that a minimal scalar falling into the AdS^ x S 3 throat takes the 
time At = irR to emerge. This time matches the CFT travel time for the state dual to 
this geometry. If instead one uses the distribution (13.1.41) for the CFT state one obtains a 
travel time to be A^cft ~ e v/ni " 5 i? [37 . In the classical limit of large n±,ri5 we see that 
a particle falling-in never emerges back. This suggests that typical states of the D1-D5 
system behave like a black hole in the classical limit. 



3.2 Three Charge Solutions 

Now we present a very brief introduction to three charge solutions. This section is meant 
to be a starting tutorial on the subject. Many important topics of current interest are not 
addressed, and none of the three-charge solutions are discussed in detail. The aim here 
is to provide a flavor of the intense research program that is currently underway to see 
to what extent the correspondence between D1-D5 states and the smooth bulk solutions 
extends to the D1-D5-P system. In this section we primarily work in the M-theory frame. 
Results can be readily dualized to the IIB frame. Our presentation closely follows [23] . See 
also [21 E31 EB]. 

A detailed probe analysis of the three-charge system based on the DBI action strongly 
suggests the existence of a large number of BPS supergravity configurations with the same 
supersymmetries as the three charge black hole. At the outset the set of configurations 
suggested by the DBI analysis is so large that finding the corresponding supergravity so- 
lutions appears to be a formidable task. Fortunately, it turns out that the entire problem 
of finding all these BPS configurations reduces to a linear problem in four dimensional Eu- 
clidean electrodynamics |51l 152] . It is one of those instances where supersymmetry plays a 
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crucial role in simplifying the problem. 



3.2.1 Supersymmetric Configurations 

Let us start with M-theory compactified on a six-torus T 6 and wrapping three sets of 
extremal M2 branes on three orthogonal two-tori in the T 6 . This configuration is BPS. 
Rather surprisingly, one can further add three sets of M5 branes on top of this configuration 
and find configurations that preserve the same set of supersymmetries as the original set 
of M2 branes [531 [52] . Each set of M5 branes can be thought of as the dual to a set of 
M2 branes. In each such pair the set of M5 branes wrap the four torus orthogonal to the 
two torus wrapped by the set of M2 branes. The fifth direction of the M5 branes wrap 
a contractible spacelike curve (denoted ip) in the five-dimensional space orthogonal to T 6 . 
This configuration is summarized in the following table. 

t X$ Xq X7 Xs Xg Z\q Ip X\ Xi X3 

M2xx x-- - - - 

M2 x — — xx — — — 

M2 x - - - - x x- (3.2.1) 

M5 x — — xxx xx 

M5 xxx — — x xx 

M5 xxxxx — — x 

It is argued in 52 that this is the most general supersymmetric configuration that has 
the same supersymmetries as the original three charge (M2-M2-M2) black hole. (Of course 
one can consider a configuration with multiple curves and black hole sources, which also 
has the same supersymmetries as the three charge black hole.) The eleven dimensional 
metric corresponding to these brane configurations takes the form 

dsi, = ds t+^y\ d xi+dxi) 

nr ry \ 1/3 / ry rj \ 1/3 



(dx 2 7 + dx%) + (^§f) ( dx l + dx w) > (3-2-2) 



7 2 

^2 / \ ^3 

where the five-dimensional space is 

dsl = (Z 1 Z 2 Z 3 y^ (dt + kf + {Z x ZiZ^ h^dx^dx" , (3.2.3) 

and x§ . . . xio are the six torus directions. The one form k is defined on the spatial section 
of the five-dimensional metric. Supersymmetry requires that the metric h^ v be hyper- 
Kahlcr. Two important examples of hyper-Kahler metrics are (i) R 4 , (it) multi-centered 
Taub-NUT metrics. In this review we are only concerned with these two hyper-Kahler 
manifolds, and their ambipolar generalizations, which we discuss below. 
The eleven-dimensional three-form Ar s \ is given by 

A (3 ) = A dx 5 A dx e + A {2) A dx 7 A dx 8 + A {3) A dx 9 A dx w . (3.2.4) 

The A^'s for I = 1,2, 3 are three abelian one-forms in the five-dimensional spacetime. We 
define 

9 (/) = dA^ + d{Zj 1 {dt + k)) . (3.2.5) 

Then the following set of "sequentially linear" BPS equations determine the most general 
supersymmetric configuration |52j : 

e (/) = * 4 e (/) , (3.2.6) 

\c U km(Q [J) f\® {K) ) , (3.2.7) 



V 2 Z/ = 



dk + Mdk = Z/9 (/) , (3.2.8) 
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where *4 is the Hodge dual taken with respect to the four dimensional hyper-Kahler base 
and Cijk — \cijk\- This system of equation is called "sequentially linear" because if these 
equations are solved in the order they are presented then at each step one is solving a linear 
problem. 



Supersymmetric Black Ring 

As an illustration of the formalism presented above, now we very briefly discuss the su- 
persymmetric black ring solution that can be constructed by solving the BPS equations. 
We work with flat base space R 4 . One starts by choosing the circular profile for the M5 
branes in the five-dimensional spacetime that sources eW's. Then one has some freedom 
in choosing harmonic functions in the solution that add sources for the M2 branes. Finally, 
with these sources one solves for the one- form k. The best coordinate system to solve 
these equations in this setting is the black ring coordinates. Here we do not review these 
coordinates. For details of the coordinate system we refer the reader to [5H [53] or to the 
original references [55J 156) . In black ring coordinates the flat R 4 metric has the form 

R2 ( d V 2 , t..2 -nj.,.2 , dxl , 2, 



ds = J^lTyf {yTZl + & ~ 1) W + Y3-> + (! - W) > (3-2.9) 

where — 1 < x < 1, — oo < y < — 1, and the ring is located at y = — oo. The self-dual field 
strengths (with the orientation e yx ^^ = +1) sourced by the ring are 

9 (/) = 2g J (dx A d<p - dy A dip) , (3.2.10) 

where q 7 's are directly related to the number of wrapped M5 branes. The warp factors 
take the form 

i i i Q 1 1 \ 2CijKq J q K , 2 2\ /, 011 \ 
z i = l + -^{x-y) — (x-y), (3.2.11) 

and the one-form k is 

-l)g(x,y)-2^q^j (y+l^j # + (x 2 - l) 5 (a;, y)# , (3.2.12) 
where 

9(X, V) = (- 8CU T& JqK - (« + V) + | (Q^)) (3-2-13) 

Q/'s are directly related to the number of M2 branes. For a detailed study of physical 
properties of this solution we refer the reader to original references [571 EH 1521 EHJ HH] an d 
to the reviews [54"ll2"g] . 



3.2.2 Gibbons-Hawking Base 

In section l3.2.1l we mentioned that supersymmetry requires us to take the base space metric 
to be a four-dimensional hyper-Kahler manifold. Flat Euclidean space is the simplest 
example of a hyper-Kahler manifold. Then there are the multi-centered Gibbons-Hawking 
(GH) metrics. In this section we briefly review the GH metrics and there 'ambipolar' 
generalizations. Our presentation closely follows [23]. GH metrics have a form of a £7(1) 
fibrations over a three dimensional Euclidean flat space R 3 : 

ds 2 = h lhV dx il dx v = V- 1 (dtP + A-dyy + V (dx 2 + dy 2 + dz 2 ) , (3.2.14) 

where y = x,y,z. The function V appearing in the metric is a harmonic function on R 3 . 
We take it to have a finite set of isolated sources. The connection A — A .dy is determined 
via V through the equation 

VxA = W. (3.2.15) 
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Let be the position of the point sources for the function V in the three dimensional 
base R 3 and let rj = \y — then 

N 
3 = 1 r ° 

Note that close to a GH center the fuction V behaves as V ~ — . Thus, to ensure that the 
metric is positive definite everywhere on the manifold one usually takes qj > 0. We relax 
this assumption. In considering negative GH charges qj we are allowing the base space to 
flip the signature from (+,+,+,+) to ( — ,—,—,—) in certain regions. Following [53] we 
call such metrics ambipolar. At first sight these metrics may look completely unphysical, 
but this is not the case. Negative definite regions do not lead to any pathological features 
in the full five-dimensional spacetime [501 EI]- The ambipolar metrics, on the other hand, 
allow us to to construct explicit BPS solutions with extremely rich physics. 
Next, we now introduce a set of frames for the GH base and the two- forms 

e 1 = V-i(dip+A) , (3.2.17) 
e a+1 = V?dy a , (3.2.18) 

n£ a) = e 1 A e a+1 ± \t abc e b+1 A e c+1 , a = 1,2, 3. (3.2.19) 



The two-forms Oj° are self-dual and can be used to construct harmonic fluxes as 
follows 

3 

e (/) = J] (daiv^K 1 )) . (3.2.20) 

a=l 

The two- forms 0^ are closed if and only if K T, s are harmonic functions on R 3 . 
3.2.3 Solutions on a Gibbons-Hawking Base 

Having discussed elementary properties of GH spaces, we are in the position to solve the 
BPS equations with a GH base. The first step is to construct the three self-dual two-forms 
0( 7 ) . This is done by introducing three harmonic functions K 1 on R 3 through (|3.2.20[) . The 
next step is to substitute these two- forms in the equations for Z[. Solving these equations 
one finds 

Zj - ^CukV-'K-'K 1 " + Lj , (3.2.21) 

where Lj are three more independent harmonic functions. We now write the one-form k 
as: 

k = /j, (dtp + A) + u> , (3.2.22) 

where fi is solved to be 

1 K I K J K K 1 , , 
M - -f IJK — 2 + — K'Lj + M , (3.2.23) 

and where M is another harmonic function on R 3 . w is a one- form on R 3 . Using M one 
can find w as a solution of the equation 

V x to = V V M - M \7V + i (k 1 VLj - Lj VK 1 ^ . (3.2.24) 

Since K ,Li,M and V are all harmonic, the above equation can be integrated to find w 
and thereby obtaining the complete solution. The full solution is characterized by eight 
harmonic functions on R 3 : K 1 , Lj, M, V. 
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At this point is is worth pointing out that there is a 'gauge' invariance in the system of 
equations related to the fact that for arbitrary constants c 1 the shift 

K 1 -+ K 1 + c*V (3.2.25) 

does not change the self-dual two forms 0^' (|3.2.20[) . Due to this gauge freedom the solu- 
tions are in effect characterized by seven independent harmonic functions. This functional 
freedom matches with the DBI analysis of [52"] . 

3.2.4 Bubbled Geometries 

One of the main purpose of this program is to be able to construct such smooth horizonless 
BPS configurations with no sources. We now say a few words about smooth geometries. 
First recall that the black ring solution discussed above has brane sources. Geometries 
with no brane sources are topologically non-trivial. One of the simplest example of such a 
configuration is obtained by choosing the GH base with three co- linear centers with charges 
(1, Q, —Q), where Q is an integer. This three-center GH space contains three topologically 
non-trivial two cycles. These cycles can be defined by considering a curve between any two 
GH centers and considering the U(l) fibre along that curve. At the GH centers the U(l) 
fibre shrinks to zero size. As a result, the curve together with the U(l) fibre sweeps out 
a two-cycle. These non-trivial two-cycles are responsible for the bubbling nature of the 
five-dimensional solutions. In the limit when the +Q GH center is moved on top of the 
GH center with +1 charge, the corresponding five dimensional geometries reduce to the 
geometries constructed in [63j [64l |65j [66l [67] . 

The bubbled geometries with three co-linear centers with GH charges (1,Q,—Q) can 
be thought of as the geometric transition of a zero-entropy black ring. The picture is as 
follows [501 1EI] : We can think of R 4 as a trivial GH base with V ~ -. Now consider 
taking the black ring in the parameter regime where its entropy decreases and eventually 
approaches zero. The zero entropy black ring in such a limit is singular, but the singularity 
is not a curvature singularity. The singularity is a "null orbifold" singularity. In the 
transitioned geometry the singularity is resolved by the nucleation of two equal, oppositely 
charged, GH centers (Q,—Q). The transitioned geometry has no brane sources. Since in 
the resolved geometries negative GH centers play a crucial role, ambipolar generalization of 
GH metrics becomes indispensable. Using the formalism outlined above harmonic functions 
for the bubbling solutions can be calculated [60j [61] . These solutions have extremely rich 
physics, and a detailed study of their properties will take us far beyond the scope of 
this review. We refer the interested reader for more details to the following literature 

iBaisnEiaisiaEainiiEio 
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Chapter 4 

Emission Prom the D1-D5 
System 

In previous chapter we saw how quantum gravity effects are not confined to the Planck 
length. In particular, for the two-charge system we explicitly saw how typical fuzzballs 
extend up to the horizon scale. A similar picture is expected to arise for the three-charge 
system. This builds up the picture of a black hole being an effective coarse grained geometry. 
In this chapter we will see an additional process that supports this idea. Here we understand 
the nature of Hawking radiation by studying emission from the D1-D5 system. The main 
aim is to understand the interaction between excitations on the inner asymptotically AdS 
space and excitations on outer flat space from the CFT point of view. 

In the CFT analysis, the D1-D5-P black hole is dual to a density matrix (or a thermal 
state). On the other hand, microstates of the black hole are dual to pure states, and, 
in particular the special non-extremal fuzzballs of reference |27j are dual to pure states. 
From the CFT analysis it will become clear that there is no qualitative difference between 
emission from a thermal state and a pure state. The process dual to emission from a thermal 
state is Hawking radiation (and superradiance for rotating black holes) that happens in 
the presence of horizons, while the process dual to emission from the special non-extremal 
fuzzballs manifests itself as ergoregion emission that happens in the absence of horizons. 
The classical instability in ergoregion emissions found in [5J5] is seen to come from Bosc- 
cnhanccment of quanta collecting in the cap of the highly symmetric fuzzball of reference 

The study of emission from brane systems has been spread over several years. Here 
we give a brief account of the milestones and hope the references we miss can be found 
in the ones we provide. The emission of minimal scalars from the D1-D5 system without 
angular momentum was studied in [Ml HD [Ml [Ml (Ml IM] . The emission of minimal scalars 
with angular momenta was studied in [96J |W] . Universal dynamics of rotating black holes 
was studied in [55] while the specifics to the D1-D5-P black hole were studied in [55] . 
These results matched with the corresponding CFT results up to an overall constant. 
This constant was fixed for s-wave emission in [lOOj and for higher partial waves in [101] 
using the AdS/CFT correspondence. Emission of fixed scalars were studied in [1001 1102] . 
Emission from three-branes was studied in [103] while that from extremal Kerr solutions 
was studied in |104j . Emission from non-extremal fuzzball solutions found in [27] were 
studied in pi IT051 HOTl IT06l IT071 fTUH] . 

This chapter is divided into two parts. The first part explains Hawking radiation, 
super-radiance, and ergoregion emission for the D1-D5 system from a gravitational or 
strong coupling point of view. Here the physics looks quite different for the black hole 
emissions and for the capped geometry emissions. In the second part we rederive these 
three emissions from the CFT point of view and show that all these emissions are in-fact 
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only different manifestations of the same process. 

4.1 Emissions: Gravity Analysis 

We first review the supergravity D1-D5-P black hole [1091 1110] and the non-extremal family 
of fuzzballs constructed in [2 7) . We show how the solutions simplify in the decoupling limit 
into an outer flat space region and and an inner region which is asymptotically AdS space. 
This is schematically shown in figure 14.11 



Flat Flat 




Figure 4.1: (a) The geometry of black hole is flat at infinity, then there is a 'neck' region, 
and further- in the geometry takes the form of AdS% x S 3 . The AdS% x S 3 region is a part 
of the BTZ black hole, (b) The geometry of fuzzballs is also flat at infinity followed by 
a 'neck' region. Still further in, the geometry ends in a 'fuzzball cap' whose structure is 
determined by the choice of microstate. For the states found in [37] the cap and the AdS 
region is simply the global AdS. 

We look at the emission of minimally coupled scalars in these background^. For the 
black hole we first calculate the probability for the absorption of a minimal scalar. The 
emission rate is then related to the absorption probability by detailed balance. This gives us 
the emission rate as a function of frequency, momentum along S , and angular momenta. 
We use spectral flow to relate this result to superradiance. Then we will look at the 
emission from the non-extremal fuzzballs. This results in a discrete spectrum and a classical 
instability. 

4.1.1 Gravity Solutions: Black Holes and Smooth Solutions 

The supergravity D1-D5-P black hole solution was found in [1091 1110] and a non-extremal 
family of fuzzballs was constructed in [2 7) . A cartoon of these geometries is shown in figure 
14.11 In both cases there is an inner (throat) region, an outer region, and a neck region that 
joins the inner and the outer regions. The inner region ends up in a horizon in the black 
hole case, and has smooth cap in the case of fuzzballs. It turns out that the physics is 
much cleaner if we work in the near-decoupling limit. The solutions and their decoupling 
limits are discussed in detail in appendix [21 

The outer region metric is flat both in the case of the black hole and in the case of the 
capped geometries. It is simply given by 

Pouter = ~dt 2 + dy 2 + dr 2 + r 2 {d6 2 + sin 2 6dip 2 + cos 2 0d<j) 2 ) . (4.1.1) 

1 An example of a minimally coupled scalar in these backgrounds is a mixture of the dilaton and the 
graviton with both indices in the T direction: e 2 h a f,. 
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The inner region is analyzed separately for the two cases. 



D1-D5-P Black Hole 

For the black hole the inner region metric is BTZ times an S 3 . The S 3 is fibered over the 
BTZ when angular momenta are present. This geometry has been extensively studied in 
The metric is given by 



2 



firmer, BH = V&Qs( fW + p" (dip - Arfr) 2 + *L 

+d0 2 + sin 2 0{d(/) TTTr( J i> d V + J<t>dr)) 2 

7T Q1Q5 

4(^(5) D . 

+ cos 2 6(d*P ^^(j^ + J^dT)) 2 ) , (4.1.2) 

7T Q1Q5 I 



where 



f2 , M , 4 . (p 2 pIKp 2 - p 2 -) 

f -P- M 3 + Jp2- J2 > 

R 2 

M 3 = [(M -a\-a 2 ) cosh 2<5 p + 2a x a 2 sinh 25 p ] , 

Q1Q5 

R 2 

J 3 = [(M -a\- a\) sinh2<5 p + 2a x a 2 cosh2<5 p ] . (4.1.3) 

Q1Q5 

Here the coordinates p, r and ip are related to the coordinates in the outer flat space as 

R 2 

p 2 = (r 2 + (M ~ a\- a 2 ) sinh 2 5 P + a x a 2 sinh 2S P ) , 

Q1Q5 
t 

T = 1' 

<P = |: (4.1-4) 

and M,ai,a 2 ,S p are parameters specifying the geometry. The mass above extremality, 
momentum charge radius, and angular momenta of the geometry are given as 

7T 

AMadm = (5) Mcosh2£ p , 



ip 



M 

— smh2(5 p , 



J^p = ~ 4G ( 5 ) VQiQ^ai cosh(5 p - a 2 smhd p 



J<f> = ~ 4 J( 5 ) VQiQ5(a2 cosh S p ~ ai sinh § p ) . (4.1.5) 



The entropy is given by 



4G( 5 ) 



4G( 5 ) A „, r ^ \ /4G( 5 ) 



VQ^[y (^—^ AMadm + Q P J - y—^-j=={J^ - J+) 

4G( g ) \ /4G( 5 ) 1 \ 2 i 
AMadm -Q P _=(J* + J^) , (4.1.6) 

7T / V 7T y/QiQ 5 J J 

while the temperature and the velocity of the horizon along the y direction are given by 

rp 1 P\-P- 



2nR p^ 
J3 _ P_ 

2pl ~ P4 



n H = ttV = — • (4.1.7) 
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Our later expressions will be seen to cleanly split into a left and right sector. So in antici- 
pation we also define a left and a right temperature 



Tr 



1 



2nR 



fa 



P- 



1 



2nR 



(p, 



■P-) 



(4.1.8) 



Smooth Solutions 



These solutions have a capped inner region. In the decoupling limit they are given by a 
global AdS with an S 3 fibered over it, 

dp 2 



ds 



luiKT.sinoo 



th 



= VQiQsi - (p 2 + 1)^ 2 + p 2 V 



1 



4(^(5) n 

-de 2 + sin 2 0{d<j> TTTT^df + J^dr)) 2 

4(^(5) Jl \ 

- cos 2 6 (dip _ -pz (Jj.dip + Jj,dT)) 2 ) 

it Q1Q5 J 



Here the coordinate p, r and <p are related to the coordinates in flat space as 



(4.1.9) 
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R 2 l-s 4 



where 



y/n L (n L + 1) - y/n R (n R + 1) 



(4.1.10) 



(4.1.11) 



y/n L (n L + 1) + ^Jn R (n R + 1) 

The non- negative integers riL,n R parameterize the system. The mass above extremality 
and charges are given by 

n L (n L + I) + n R (n R + 1) 



AM 
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Jib 



R 

(n L (n L + 1) - n R (n R + 1)) 



Q1Q5 
R 2 



-(n L +n R + l) 
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7T Q1Q5 
4G( 5 ) R 

7T QlQ5 



Since this is a smooth geometry without any horizon, it has no Bekenstein-Hawking entropy. 
The extremal solution found in HI] are obtained by taking til = n R = while those 
found in Ell EH] are obtained by taking ^ 0,n R = 0. 



4.1.2 Emission from Black Holes: Hawking Radiation and Super- 
radiance 

For the D1-D5-P black hole we first find the absorbtion cross-section for a minimally coupled 
scalar in this background and the calculate the decay rate using detailed balance. We start 
by solving the equation 

□$ = 0, (4.1.13) 

with purely ingoing boundary conditions at the horizon. It is much simpler to work with 
a non-rotating black hole first. The results can be very easily generalized to rotating black 
holes using spectral flow. 
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Non-Rotating Black Holes: Hawking Radiation 



The non-rotating black hole is obtained by simply putting 
We take as the ansatz for the scalar wave 



$ _ e -ivt+i\y 



with the convention 



\Y\ 2 <m* = 1 . 



Jcf, = in the metric (|A.2|) . 

(4.1.14) 

(4.1.15) 



Periodicity in the y direction restricts A to be an integer multiple of ^. 

We now solve for the wave equation in the inner BTZ x S 3 region and in the outer flat 
space region separately. We then impose the boundary condition of being purely ingoing at 
the horizon and match the inner and outer solutions in the neck region. This gives us the 
probability of absorption that can be related to the cross-section and hence to the decay 
rate. The angular part of the equation (|4.1.13l) separated and the solutions are simply 
given by spherical harmonics on S 3 . The radial part of the equation becomes 



-d p (pfd p h ln ) 



(uR) 2 (\R)< 
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J2 
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lo\R 2 J 3 
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With the substitution 

z 

the radial equation takes the form 

(1 - z)d z (zd z h in ) + 



P% 



1(1 + 2) 
4(1-*) 



B h- m = 



(4.1.16) 
(4.1.17) 

(4.1.18) 



where 
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(4.1.19) 



The solution of this equation with purely ingoing boundary conditions at the horizon z = 
is 



(1 



2^1 



B 



A, -- + VB - iV2, 1 - 2iVA; z 



(4.1.20) 



The outer region is flat spacetime and the solution of the scalar equation there is 
1 



Vw 2 - \ 2 r 



(CxJ 1+l (VuJ 2 - AV) + C 2 J-i-i(\/u 2 -\ 2 r)) 



(4.1.21) 



To find the complete solution we now need to match the above two solutions in the neck 
region r ps (Q1Q5) 3 . In the z coordinate the neck region is at z ps 1. Using the asymptotic 



2 This is strictly true only in the decoupling limit. To account for the neck region joining the inner 
and outer region we have to replace / — > I + e where e is the parameter that controls the decoupling: 
e ~ 0( ^^i^ ^-^/ui 2 — A 2 ) . The decoupling limit corresponds to e — > 0. Further details on this issue can be 
found in 50, 106 . To keep the notation simple we write e explicitly only when we take the strict decoupling 
limit. 



20 



form of hypergeometric functions, the inner solution in the neck region becomes 

l 

rn - vii/A} v(i. -i-i} I n \ 



I 



T(l -2WA)Y{l + l) 

s/b - is/A) r(i + 1 - Vb - iVJ) 



T(l-2iy/A)T(-l- 1) 



r(i 



r(-| - VB - iVA) r(-| + VB - iVA) 

In the neck region the radial coordinate p using (|4.1.4j) becomes 

rR 



pX-p 2 - 



p\-p 2 - 



-(1+2) 



(4.1.22) 



VQiQs 



(4.1.23) 



Using asymptotic form of the Bessel functions, the outer solution in the neck region takes 
the form 
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(4.1.24) 



Matching the two solutions in the neck region gives 
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At this point recalling the discussion in footnote [5] and using the identities 
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we get 
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(4.1.25) 
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(4.1.28) 



The outer solution can also be written in terms of the ingoing and outgoing solutions 
using the appropriate asymptotic behavior of Bessel functions. The result is 



1 



I^k (Vu; 2 -A 2 r)3 



+ e- ikr e^ (c 1 e i{l+1) ^ + C 2 e- l( ' +1) ^) ) . (4.1.29) 
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Thus we get the ratio of the outgoing to ingoing flux to be 



T 



1 + (-l)' +1 ^e i£7r 



Ci 



(4.1.30) 



The probability for absorption is therefore 

J~ out 
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(4.1.31) 



The probability of abosroption is related to the difference between the rates of absorption 
and emission as 

^^absorption ^remission (4.1.32) 

Z7T 

The minimally coupled scalars being emitted are bosons. Using Bose-Einstein statistics we 
get the following condition from the detailed balance 



(1+Pl)(1 + P-RJ-Tcmission — p 'L P bX 'absorption 



(4.1.33) 



where the pl and pa are, for the case of the D1-D5-P black hole, thermal population 
densities with left and right temperatures Tl and Tr respectively, 



1 



1 



PL 



u> — X ! 

e 2T l - 1 



PR 



e 2T R - 1 



(4.1.34) 



Thus we get the rate of emission in terms of the probability of absorption as 
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do; 



The probability of absorption is 

^^absorption 7^ 



d.LU 



1 — e 2T L 2T H ^7T 



The cross section is related to the absorption probability through [57] 

4tt 



<T = (! + iy 
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(4.1.35) 
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(4.1.37) 
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Rotating Black Holes: Superradiance 

As promised, now we use the above results to get the emission rate for rotating black holes. 
This is possible because in the decoupling limit the inner region is an S 3 fibered over the 
BTZ black hole. From the metric (|4.1.2I) we can see that when we use the transformed 
coordinates 



4G< 5 ) R 

7T QxQ< 
4G (5 



R 



7T QlQb 



( J<f,tp + J^t) , 



(4.1.38) 



with the rest of the coordinates going to themselves, the metric becomes that of BTZ x5 3 
without any fibration, hence that of the inner region of the non-rotating black hole. Under 
this coordinate transformation the coordinate derivatives transform as 



fry 



4G (5) R 



4G( 5 > R 
7r QxQi 



(4.1.39) 



with the rest of the derivatives going to themselves. Therefore, we simply need to make 
the change 



4G< 5 ) 



7T QlQb 



4G (5) 1 

A -> A = AH (Jv w + J<t> m ip) 

7T QiQs 



(4.1.40) 



in the inner solution to get the results for the rotating black hole. This results in 
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(4-1-41) 



where 



£1 



Eo '■= 



(4.1.42) 
(4.1.43) 



From the expression for the probability (|4.1.31[) and the cross-section ([4.1. 37[) it follows 
that the cross-section is proportional to 



a oc sinh [— log E\ — log E2] 



(4.1.44) 



with a positive proportionality constant. Since ui 2 > A 2 , for the non-rotating black hole 
it is not possible to have a negative cross-section. However, in the case of rotating black 
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holes the cross section can be negative. To look at a much quoted simple case, take the 
left and right temperatures to be equal and the case of emission of quanta that have no 
motion along the y and ip directions. Then we get 



, (4.1.45, 



which is negative if the scalar wave is co- rotating with the black hole m^J^ > and the 
emission energy is below a threshold u < - gfg r rn^J^. Thus if a scalar- wave falls on 
a rotating black hole with the above conditions met, it is reflected back with an increased 
amplitude. This is the same superradiance as discussed in section 12.11 When we study 
the microscopies of emission in the next subsection we will see that this is very similar to 
the lasing action. The superradiant emission happens even at zero temperature |99j . The 
emission at energies higher than the superradiant bound have a positive cross-section and 
behave just like Hawking radiation. 



4.1.3 Emission from Smooth Solutions with Ergoregions 



The emission calculation from smooth solutions with ergoregions is very similar to the one 
presented above. The main difference is in the boundary conditions. This time we impose 
regularity in the inner part as there is no horizon and purely outgoing boundary conditions 
at infinity. We can again first analyze the non- rotating case of AdS^ x S 3 . Technically this 
is not a solution for the D1-D5 system as the fermions have to be periodic on the boundary. 
However by a coordinate change similar to (|4.1.38[) the solution can be mapped to D1-D5 
solutions. 

Following the discussion presented above we first solve the wave equation in the inner 
region. The angular part of the solution gives us the regular spherical harmonic^] and the 
radial part becomes 
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Defining the new radial coordinate 

the radial equation becomes 
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The solution to this equation that is regular everywhere is 
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(4.1.46) 
(4.1.47) 

(4.1.48) 
x) . (4.1.49) 



The outer region is flat so we get the same solution as (14.1. 21j) . Now we match the two 
solutions in the neck region. In the x coordinate, the neck region corresponds to taking 
the limit x — > oo. In this limit the inner solution takes the form 
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(4.1.50) 



3 Just like in the black hole case explained in footnote [2] this is strictly true only in the decoupling limit. 
We take I — > I + e, without explicitely writing so, and take e — > in the end. 
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In the neck region the radial coordinate p using (|4. 1.101) becomes 

rR 

P = 



VQiQl 



(4.1.51) 



making the outer solution behave in the neck region in exactly the same way as it does for 
the black hole case (I4.1.24j) . Matching the two solutions we get 
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(4.1.52) 



(4.1.53) 



By imposing purely outgoing boundary conditions on the outer asymptotic solution 
(14.1.29[) and recalling footnote [3] we get 



L'2 



Thus the matching condition is 
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(4.1.54) 



(4.1.55) 



Now recall that, we solved the wave equation by imposing smoothness in the interior 
and purely outgoing boundary conditions at infinity. Since we have a second order equation 
and two boundary conditions, solving (|4.1.55[) gives us a discrete spectrum. We will see 
that the resulting frequencies have a real and an imaginary part. We solve this using the 

, (QiQs)i 

hand side to be zero. We have two choices 



method of [89]. Since we are looking at u> ^ W1 ^ 5) " « l we can to zeroth order take the left 



luR = 1 + 2 + \X\R + 2N 



(4.1.56) 



and 



ljR 



-I 



-\X\R-2N , (4.1.57) 

where TV is a non-negative integer. Note that the second solution does not make sense as 
it gives negative frequencies. However, we cannot simply throw it away, because our goal 
is to look at rotating solutions and right now we are only looking at the non-rotating ones. 
We will see in a moment that the second solution also gives positive frequencies when we 
look at rotating geometries by shifting the frequencies in a fashion similar to that described 
in section H. 1.2 1 We will also see that even though both choices lead to complex frequencies 
the first one gives negative imaginary contributions to the frequency. This represents decay 
of particles piled up in the core region tunneling out of the neck (501 1106] . Although this is 
a process by which excited D1-D5 systems can decay, it is not a classical instability. The 
second choice leads to positive imaginary contribution to the frequency which represents 
an exponential growth in the number of particles outside (as well as inside) [106] . This 
instability is the ergoregion instability. To get the imaginary part of the frequency we now 
perturb the solution 

N^N + SN. (4.1.58) 

Now we recall footnote [3] and reinstall e. We also take e 3> SN, which was shown to be the 
case in 11061 
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(4.1.59) 
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We thus get 



Im(SN) = — 



and using (|4.1.57|) we get 
1 2tt 
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(4.1.60) 



(4.1.61) 



In this equation ui on the right hand side is understood to be the real part of ui, u) R . This 
is because to the leading order ui is real and is given by (|4.1.57[) . 

This gives the rate of increase of the wavefunction. The emission rate is given by 



(4.1.62) 



We translate the results for rotating geometries in a fashion similar to what we did for 
black holes in section f4. 1.2 1 In the inner region, it corresponds to the shift 
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(4.1.63) 



where we have used equations (I4.1.12[) relating the angular momentum of the special states 
to integers. The outer region is unaffected by this shift. Thus the emission spectra now 
becomes 

w R R = -I - 2 - (n L + n R + l)m^ - (n L - n R )m^ 
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4.2 Emissions: CFT Analysis 

In the previous subsection we saw how the three different kind of emissions from gravi- 
tational systems — Hawking radiation and superradiance for black holes and ergoregion 
emission for rotating stars — are present for the supergravity solutions for the D1-D5 sys- 
tem. Since these geometries have an inner AdS region, we can analyze these emissions from 
a CFT point of view. 

Given the number of examples that confirm the AdS/CFT correspondence, the im- 
portance of this calculation can hardly be to get another example of AdS/CFT at work. 
Instead our aim in this section is to show that in the CFT description the three phenomena 
mentioned above are the same. If we take our initial state to be a thermal state without 
R-charge we get the Hawking radiation; if we take to to be a thermal state with an R-charge 
we get superradiance. If we take the initial state to be a very non-generic state, the one 
found in [37] , the same emission process gives ergoregion instability. 

In this subsection we briefly discuss the D1-D5 CFT, the vertex operator responsible for 
coupling the AdS region to flat space, amplitudes for emissions, spectral flow, and states 
in CFT involved in the emission processes. For simplicity, we do calculations in the NS- 
sector instead of in the R-sector. We then find the emission rates from black holes and 
non-extremal fuzzballs by relating the results to the R-sector by spectral flow. 



32 



4.2.1 The D1-D5 CFT 



Consider Type IIB string theory compactified on 

S 1 x T 4 (4.2.1) 

and wrap n% Dl branes on S 1 and 715 D5 branes on S 1 x T 4 . The bound states of these 
branes is described by a field theory. In the limit where the size of S 1 is large compared 
to the size of T 4 , and at low energies, excitations live only in the S 1 directions. This low 
energy limit of the field theory flows to a Af = (4, 4) super-conformal field theory living on 
the circle S 1 . A detailed introduction to the CFT and how it arises as a low energy limit 
of the D1-D5 field theory can be found in [5]. 

The natural coordinates on the CFT for the time direction and the S 1 are the same as 
the one used for the inner region (|4.1.4j) and (|4.1.10[) 

t V , 

Note that a g [0, 2tt). We also define light cone coordinates as 

u — t + a. v = t — a . (4.2.3) 

It is convenient to euclideanize the time coordinate te = ir and work in the coordinates 
on the complex plane 

z = gTE+i^ f _ e r E - t a _ ( 4 2 ^ 

It has been conjectured that by varying moduli of string theory one can arrive at the 
'orbifold point' where the CFT is particularly simple |1121 11131 1 1 1 4 j . At the orbifold point 
the CFT is a 1+1 dimensional sigma model. The base space is spanned by the coordinate 
y and t of string theory. The target space of the sigma model is the symmetrized product 
of nins copies of T , 

(r 4 )"i"7S nin5 , (4.2.5) 

with each copy of the torus giving four bosons and four left and right moving fermions. 
For the D1-D5 system the fermions are periodic on the S 1 . 

The R-symmetry group for this CFT is SU(2)l x SU{2)r which in the dual picture is 
related to rotation under S , 0(4)g. The subscript E stands for external as the rotation is in 
the external space. In addition there is also the (broken) rotation group in the T which is 
50(4)/ = S77(2)i x SU{2) 2 . The I stands for internal. We use the indices a, a for SU(2) L 
and SU(2)r and the indices A, A for SU (2)i and SV {2)2 respectively. 

The four real fermions of the left (right) sector are grouped under two complex fermions 
tp aA (V^ A ) . The bosons are vectors under the T 4 and are labeled as X . 

The superconformal generators are denoted by L n ,G" A ,J^ for the left sector and 
L n , G" A , J„ for the right sector. 

Pictorially the CFT is described by a number of component strings of different windings 
wrapped on the circle S . This is shown in figure l4~2l The total winding is 711/15. Each 
component string also has an R-charge of the CFT and is called base spin which is repre- 
sented by the arrow in the figure. The bosonic and fermionic excitations are represented 
as arrows running along the strings. 

In addition to the operators which can be made from the above field content we also 
have twist operators denoted by a n [115II116U117II118] . The 'n' gives the order of the twist 
operator. The action of this operator is as follows: let the order 5 twist operator 

^(24519) (4.2.6) 

be inserted in the complex plane, then every time one circles the operator the fields of the 
theory get mapped as 

■vAA , yAA , yAA , vAA , vAA , vAA (a q n\ 

A (2) ~^ A (4) ~^ A (5) A (l) A (9) A (2) 
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Figure 4.2: A pictorial representation of the CFT and its excitations. 



The other copies of X AA remain unchanged. There is a similar action on fermionic fields. 
This twisting is schematically depicted in the figure 14.31 

The connection between various quantities on the gravity side and on the CFT side is 
needed for the analysis below. The charge radii Q\ and Q5 are related with the number of 
Dl and D5 branes as 



Qi 



ga 



V 



-m, 



ga n 5 



while the five dimensional Newton's constant is 



16ttG (5) = 



(27r)y Q ' 
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(4.2.8) 



(4.2.9) 




(a) Untwisted component strings 



(b) The twisted component string 



Figure 4.3: The twist operator 03. Each loop represents a 'copy' of the CFT wrapping the 
S 1 . The twist operator joins these copies into one single copy of the CFT living on a circle 
of three times the length of the original circle. 



The mass above extremality (M), the momentum charge radius along the S 1 (Qp) 
and the angular momenta (Jip, J^) are related to the left and right dimensions (h, h) and 
R-charges through the relations 



MR = + 
J* = -3-3, J^ = -3+3- (4-2.10) 



We subtracted ^1^. from the dimensions since this is the dimension of the Ramond sector 
ground states. 

Vertex Operator 

We are considering the emission of a minimal scalar with angular quantum numbers 
(I, m^p, 77i0 ). The dimension and charge of the operator dual to this are 

h= l - + l , fc = I^p ; 

h = - 2+ l , - k = ^±. (4.2.11) 
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This gets fixed using the AdS/CFT correspondence |119j . Further details on the construc- 
tion can be found in [TUT] . We denote the vertex operator for a minimal scalar as 

V, k i(T,a). (4.2.12) 



Spectral Flow 

The CFT is naturally defined on the complex plane in the NS sector. However the D1-D5 
system is described by the Ramond sector. It turns out that often it is easier to do CFT 
calculations in the NS sector and relate them to the actual problem by spectral flow [120 . 
This is like in the gravity analysis where we first calculated quantities for non-rotating 
geometries and then related to rotating geometries via a coordinate transformation. In 
fact, the gravity dual to the spectral flow is precisely the coordinate transformation used 
in the gravity analysis. 

If we have two states related by spectral flow 

W)=U a \^), (4.2.13) 

then the dimensions and R-charges for the two are related by 

h! = h + aj + a 2 — , 

where a € § , k being the twist order of the sector we are working in [1081 1121] . The CFT 
amplitudes are related under spectral flow by jlOl] 

</IW^)l*> ^- tt ^- a *(/'IW^)lO ■ (4-2.15) 



4.2.2 States 

We want to describe the dual to the black hole geometry and duals to the non-extremal 
smooth solutions of [27] . In general finding the CFT dual for a smooth geometry is not an 
easy task, but for geometries of (37) it turns out to be relatively straightforward. 



Non-Extremal Fuzzballs 

The mass, momentum and angular momenta for these geometries are given in (|4.1.12j) . 
With the relation (|4.2.10|) we get the CFT state with 

h = (n L (n L + 1) + ^\ nin 5 , j = (n L + ^\ n x n 5 , (4.2.16) 

and similar expressions for the right sector. From the expression for the spectral flow 
(|4.2. 14[) we see that this state is related by a spectral flow of 2til + 1 and 2nn + 1 units to 
the state with h = h = and j = j = 0. This state is just the vacuum in the NS sector. So 
we see that there is a unique state with the dimensions and charge given by (|4.2.16l) given 

by 

10 = \0)ns = U_^ 2 j_\i) =U_ {2nL+1) _ {2nR+ i)\i) (4.2.17) 

Even though its possible to write down the above state explicitly in the R-sector, the 
physics and presentation is cleaner if we use the fact that its related to the NS vacuum by 
spectral flow. The NS vacuum is dual to the global AdS. 

For a general amplitude of emission we need to calculate a 3-point function. However, 
since we spectral flowed the initial state to the NS vacuum we now need to calculate a two 
point function. This restricts the final states to be of the form 

If) =U {2nL+h2nR+1) L N -L N ?V l ^- k \0) . (4.2.18) 
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Equivalently, 

I/') = W_ (2 „ £+1) ,_ (2ns+1) |/) - L N -L N 1V^ k - k \Q) . (4.2.19) 

Black Hole 

The black hole has an entropy and is thus dual to an ensemble in the CFT. We now 
show that the entropy and the temperature of the D1-D5-P black hole is invariant under 
spectral flow. Thus the emission rates of non-rotating black holes with a certain left and 
right temperature are related by spectral flow to emission rates for rotating black holes 
with the same left and right temperatures. Additionally we can work in the NS sector and 
relate the results to the R sector by spectral flow. 
The left sector entropy is given by {111) 



mn 5 \ j 2 



s L =2Try/^ x l[h-^)-^- (4.2.20) 



(4.2.21) 

2s L 



and the temperature by 

1 = ds L 
t l dh 

Using (|4.2.14[) we see that the left sector entropy and temperature (and similarly right 
sector entropy and temperature) are invariant under spectral flow. 

Since the black hole is a thermal ensemble of pure states we can describe it by a thermal 
state. This state has the property 

MO\*)t = (4-2.22) 

where px = e~ H / T is the density matrix. In our case the thermal state also has angular 
momenta and is related by spectral flow to a thermal state wihout any angular momenta 
via 

W)r L . TR =U_^ _^m TLtTR<j ,i (4.2.23) 



>1"5 



where j, j arc defined in (|4.2.10l) . 
4.2.3 Amplitudes 



In [101J it was shown that the amplitude for emission is given as 

A cmm = -in Idrda e <*C«"-A<0 (/| V, fe ,(r, <r)|i) , (4.2.24) 



(4.2.25) 



where 

1+1 



R I (uj 2 - \ 2 ) QlQb 



2w 2 {ll) 2 V 4i? 2 



The amplitude for absorption is obtained by taking uj — > and A — > —A. For later 
convenience we now define the light-cone momenta as 

The amplitude in terms of the light-cone momenta and the coordinate z takes the form 

Amm = J dudv e^ + ^ {f\V^ k - k (u,v)\l) , 

= f dzdz z^+h^+i (f\Vi, k ,- k (z,z)\i) - (4-2-27) 



3G 



where the extra factors of z, z come from the Jacobian of the conformal transformation. 
We can now use (|4.2.15|) to express the amplitude in terms of the spectral flowed states 
(14.2.131) as 



= f dudve^ u+ ^ (f\V l>k - k (u,v)\i f ) 



A 

= - % \ K J dzdzz^+h^+i (f'\V ltkti {z,z)\i! 

where the spectral flowed left and right light-cone momenta are 

Pl =Pl - ak, p R = p R - ak . 



(4.2.28) 



(4.2.29) 



4.2.4 Thermal States: Hawking Radiation and Superradiance 

We now want to show how the vertex operator of section 14.2.11 gives Hawking radiation 
and superradiance for black holes. In the CFT language black holes correspond to thermal 
states as described in section 14.2.21 The probability after summing over all final states is 
given by 



\A\l mm = \n 2 f dudvdu'dv' e i (fo("-"')+^^- , ''))(V;^ s ( U / , U ')^, fc ,fe(^v))r i ,T fl , 

dMve-^+^Hv^-^WxkMr^ ■ (4.2.30) 



Since the CFT lives on the S 1 , we need the thermal two point function on a cylinder. For 
the states dual to a black hole the entropy is dominated by the long string sector (at least 
at the orbifold point). Therefore, we can take the spatial direction to be decompactified in 
the supergravity limit [98]. We then have 



(V1(w)V(P))t = 4e(- 
i ziy \si 



sinh(7rr(u; — ie)) 



2A 



(4.2.31) 



Thus we can now write 



l-4|cmm = Tl"™ 2 



Using the identity 

o 

dxe- iux 
we get 

l^lcmm = KTK 



du 



fiy e -i(PLU+p R v) 



n T L TR 



sinh(7TT£ (m — ie)) sinh(7rTfl(« — ie)) 



1+2 



2A 



,2A ( 27rT ) 



2A-1 



sinh(7rr(a; ± ie)) 



(^t l tr) 1 + 1 _M 



r(2A) 



(4.2.32) 



r(A + * — ) , (4.2.33) 
Zttt 



-e 



PR 

e 2t r 



From (14.2.231) we see that a = ^- and a — ^ 

(14.2.111) and (|4.2.10|) we get 



(4.2.34) 

. Further using (14X291) . (l4~2~26l) . 



PL 
PR 



R(lu - A) 
R(u) + A) 



1 



nin 5 
1 

nin 5 



(J,/j + J<t,)(m^ + m^) 
(J^ - J^){m^ - m^) 



(4.2.35) 
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Putting these together we have 



.2 \2\'+l 



x E 1 E 2 

where E\ and E 2 are defined as 



r ( L + i-iiogEi 



2 



r ( l - + i-iio g E 2 



2 



, (4.2.36) 



Ex = e iT L , 

E 2 = e . (4.2.37) 

Using (|4.2.8[) and (|4.2.9[) . we immediately see that this matches the gravity answer (|4.1.41j) . 

It is instructive to see in more detail why we get an exponential growth of emission 
for superradiance while not for Hawking radiation. The physics is exactly the same as 
the lasing action. As the emitted particles are bosons, the net rate of production of bulk 
quanta is 

dfl . . ^remission ^r a b sor ption /. ~ ori \ 

— — = (n + l) n (4.2.38) 

acuat aoj acu 

For large number of quanta we can approximate n + 1 ~ n . We can get the expression for 
Tabsorption by taking pL —> —pL and Pr — > —pR in (|4.2.28|l and hence in (14.2. 34|) . We see 
that 

Tomission - resorption oc sinh [- log E x - log E 2 ] , (4.2.39) 

where the proportinality constant is positive. For cases when this quantity is positive 
(superradiance) we get an exponentially growing number of quanta (black hole bomb [122 ). 
When the above is negative we have a steady Hawking radiation. 

4.2.5 Special States: Ergoregion Emission 

We now evaluate the rate of emission for special states dual to |27j . In particular, we want 
to calculate 

A= ~ l \ J <bdzz* L+ l&* + l{f\V lih fi(z,z)\i') , (4.2.40) 
where normalized states are 



' j '> " '»>• W> - V rnltZ ^m^tZ i)! flag.) W> 

It can be shown that 

{f'\V hk ^z, z)\i') = V N + l +W N ^/ *+WC„ z n z* . (4.2.42) 

Thus we get 

A = -illy/ N + l + 1 C N ^J ^+'+ 1 C* 7 v j dzdz z PL + i+N E p R +^+N (4.2.43) 
Going back to r and a coordinates we get 

jA — — I h V ' '''■'<. v v. '^N 



(4.2.41) 



' N+ 


+l c N 


' N+ 


+1 c N 



+N,p R +N 



x (2tt) 5{Rlo + (n L + n R + l)m. + (n L - n R )m^ + I + 2 + N + N) 

X (27r) 5\R-(n L -n R )m^-(n L +n R + l) m<t , + N-N,0 ■ (4.2.44) 
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Squaring to amplitude we get the probability 



where 



\A\ 2 = J(2^) 3 k 2 N+l+1 C N * +l+1 Cx6(u - u )S XM , (4.2.45) 



loq = -I - 2 - (n L + n R + l)m^ - {n L - n R )m$ - N — N , 

A = [n L - n R )m^, + (n L + n R + l)m$ + N - N , (4.2.46) 



Thus we get 

dT 4tt / uj' z - A 



{Q^^P) +l N+l+1 C N ^C^S^S^-^o). (4.2.47) 



dcu {ll) 2 R 



Comparing this result with the gravity answer (|4. 1 .64|) and taking into account the fact 
that XR is an integer and ujq is the real part of w, we see that the two match exactly. 

So far we have only gotten the emission rate. This by itself cannot lead to a classical 
instability. However recall from section 14.2.11 that the target space of the CFT is 

(T 4 )" 1 " 5 /^ 1 " 5 (4.2.48) 

Thus all the states we make have to be symmetrized over all n\n^ strands. Also the vertex 
operator has to symmetrized in all its indices and its action should be symmetrized on all 



strands. We refer the reader to |101l I108j for the computation. The result is that if v 
quanta have already been emitted then we have 



- - ^Q 5 4#V +1 N+1+1 Cn * +l+1 C* W(— o). (4.2.49) 



duj {ll) 2 R V 4i? 2 

For large v this leads to an exponentially growing number of emitted particles. On the 
gravity side it is interpreted as the classical ergoregion instability |101[ 1108] . 



4.3 Understanding the Physics of Emissions 

In this section we studied emission from the D1-D5 system from both the gravity and the 
CFT perspective. We saw that on the gravity side black holes emit Hawking radiation and 
if they are rotating they also exhibit superradiance. The special non-extremal fuzzballs of 
reference [27] on the other hand exhibit ergoregion instability. Non-extremal fuzzballs do 
not have a horizon or singularity and thus have more in common with stars than black 
holes. On the CFT side we saw that all these emission processes — Hawking radiation, 
superradiance, and ergoregion instability — are infact different manifestations of the same 
phenomenon. If the CFT is taken to be in a thermal state with no rotation we get Hawking 
radiation; if it is taken in a thermal state with rotation (which amounts to having a chemical 
potential) we get superradiance. For pure states dual to geometries constructed in [27] we 
get ergoregion instability. Thus from the CFT perspective a unified picture of various 
emission phenomena emerges. This unification strongly suggests that the D1-D5-P black 
hole is nothing but an effective description of an ensemble of smooth geometries. 

One might wonder if a pure state exhibits a classical instability (89j how can an ensemble 
not exhibit it. In [123] the authors studied the classical stability of the rotating D1-D5-P 
black hole. No instabilities were found. We can now understand how this comes about. 
We first explain this on the CFT side and then propose a picture as to how it might look 
on the gravity side. 

The states dual to the special non-extremal fuzzballs we studied have all the component 
strings in the same state. We refer to this as the background state. The twist operator 
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(b) 



Figure 4.4: The states after emission of one and two particles. The pictures correspond to 
I = 1 emission. 



then twists I + 1 of the component strings together during the emission process. In figure 



4.4(a) we show the CFT state after one particle has been emitted. In the large n\n^ limit 
this is like a quantum sitting in the background state. The next emission twists a new set 
of I + 1 strands together (the process involving the original strings is highly suppressed). 
This is shown in figure 4.4(b) Thus after the second emission we have two quanta in the 
same state. This coherence of these quanta leads to a Bose-enhancement of the emission 
rate and we get a classical instability. 



w 

(a) 




Figure 4.5: The emission from special non-extremal fuzzballs. The smooth global AdS3 of 
the core region has a discrete spectrum. We see the state after (a) one emission and after 
(b) two emissions. Subsequent emissions happen in the same state and the emission rates 
gets Bose-enhanced leading to a classical instability. 



On the gravity side the picture is as follows. The non-extremal fuzzballs all have a 
core AdS3 region. Global AdS3 has a discrete spectrum with energy levels separated by 
and the process of emission produces an excitation in this region in a certain harmonic. 
This is shown in figure 4.5(a) The second emission causes another excitation in the same 
harmonic as shown in figure 4.5(b) The coherence of these quanta in the core AdS region 
leads to a Bose enhancement and hence to a classical instability. 

The generic state of the CFT has component strings of different lengths with different 
excitations. The probability of the second particle being produced in the same state is 
suppressed by 0(^-^-)< Thus there is no Bose enhancement and no classical instability. 
On the gravity side a typical state is expected to have complicated throat structure and 
hence the energy levels in the throat region will be very close to each other. In figure l4~6l 
we show a heuristic picture of this. The first emission causes a particle to be produced in 
one corner of the cap (figure 4.6(a) I and the second emission produces a particle in another 



corner of the cap (figure 4.6(b)). Thus for a generic fuzzball there will not be any Bose 
enhancement and hence no classical instability. This is consistent with the results of [123] 
that the rotating D1-D5-P black holes do not suffer from classical instability. 

This suggests a modification of the traditional picture of black hole evaporation. In the 
traditional picture, shown in figure 4.7(a) Hawking quanta are produced as pair creation in 
the vicinity of the black hole. One particle of the pair has negative energy and it falls inside 
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(a) 



(b) 



Figure 4.6: The emission from typical non-extremal fuzzballs. The complicated cap in the 
core region has a band spectrum. We see the state after (a) one emission and after (b) 
two emissions. Subsequent emissions happening in the same state are highly suppressed 
and the emission rate does not get Bose-enhanced. Thus there is no classical instability for 
typical non-extremal fuzzballs. 



the horizon, while the other particle has positive energy and it stays outside and escapes 
to infinity. Since such pairs are created out of vacuum fluctuations near the horizon, they 
do not carry any information about the state that collapsed to form the black hole. The 
fuzzball proposal modifies this picture. In the fuzzball proposal black holes are effective 
descriptions of ensemble of fuzzballs. Typical fuzzball states have structure up to the 



horizon scale as shown in figure 4.7(b) The analysis of this section suggests that inside 
a fuzzball different parts continuously exchange quanta; only some of these quanta escape 
to infinity from the surface of the fuzzball. The average behavior of a typical fuzzball is 
captured by the corresponding black hole. 
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(a) 



(b) 



Figure 4.7: The traditional picture of black hole evaporation (a) has particles produced as 
a result of pair creation near the horizon. Information of the state is localized near the 
singularity so the radiation does not carry any information. The analysis of this section 
supports the alternate picture (b) of radiation from fuzzballs. The microstates of black 
holes have a structure all the way to the horizon scale. In general, quanta are exchanged 
amongst different regions and some leak out to infinity carrying information. 
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Appendix A 

D1-D5-P Black Hole 



In this appendix we give the explicit metric for the rotating non-extremal D1-D5-P black 
hole. Explicit metric is needed for certain calculations presented in the main text. Non- 
extremal fuzzball states of gH H3 IM1 [Ml [57] are also closely related to the D1-D5-P 
black hole. In the following, we discuss relevant properties of the D1-D5-P black hole 
and some salient features of the non-extremal fuzzballs of [27] . Our presentation follows 

msiinniEzi- 

Consider type IIB string theory compactified on T 4 x S 1 . Let the volume of T 4 be 
(2tt) 4 V and the length of S 1 is (2ir)R. The T 4 is described by coordinates Zi and the 
S 1 by a coordinate y. The noncompact M^i is described by a time coordinate t, a radial 
coordinate r, and angular S 3 coordinates 8, ip, <f>. The rotating non-extremal D1-D5-P black 
hole has angular momenta along il>,(j>, parameterized by ai 1 a 2 - The solution also carries 
three kinds of charges: m units of Dl charge along S , TI5 units of D5 charge wrapped on 
T A x S 1 , and n p units of momentum charge (P) along S 1 . These charges are parameterized 
by Si, 65, 5 P , respectively. To avoid notational clutter we use the abbreviations 

Si — smhSi, Ci = coshSi, (i — 1, 5,p) . (A.l) 

The non-extremality of the solution is captured by the parameter M. With these prelimi- 
naries, we are in position to write the black hole solution of interest: 

ds 2 = 




2Mcos 2 6> , , , . , , 

— = [(oiCic 5 c p - a 2 sis 5 s p )dt + (a2S 1 s 5 c p - axd^Spjdyldtp 

[(a 2 Cic 5 c p - aisis 5 s p )dt + (aiSiS 5 c p - a 2 cic 5 s p )d?/]d0 



2Msin 2 6» 



VM5 

(A.2) 
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where 

Hi = f + M sinh 2 8i, f = r 2 + a\ sin 2 6 + a\ cos 2 6 . ( A.3) 
The dilaton has the profile 

= §- ■ (A.4) 

The Dl and D5 charges of the solution produce a RR two-form gauge field. It is given by 

m 

_ Mcos 2 9 ,, . , . 

C 2 = = [\a2C1S5Cp — a\SiC^Sp)dt + (aiSic^Cp — a2Cis^s p )ay\ A dip 

H\ 

Msin 2 ,. , , . . , . 

H = [(aiCis 5 c p — a2Sic 5 Sp)at + (a 2 s 1 c 5 c p — a\Cts^s p )dy\ A a<p 

-Ml±2l dt Ad y- ^fi^( r 2 + a 2 + Ms 2 } cos 2 m A # _ (A 5) 

The angular momenta are given as 

ttM 

JtP = ~ 4g(5) ( n i c i c 5C P - a2SiS5S P ) , (A. 6) 

* = -^(5j( a 2CiC5Cp - aisis 5 s p ) , (A. 7) 

and the ADM mass is 

M A DM = ^y(s 2 + ^ + s 2 + -) ■ (A.8) 
It is convenient to define charge radii 

Qi = M sinh 8% cosh #1 , Q$ = M sinh £5 cosh £5, Q p = M sinh 8 P cosh 8 P . (A. 9) 
Extremal SUSY solutions are reached in the limit 

M -+ 0, ^ 00, Qi fixed , (A. 10) 

whereupon we get the BPS relation 

7T 

-^extremal, ADM = 4^(5) t^ 1 ^ + Qp] • (A-ll) 

The integer charges of the solution are related to the QiS through 

Qi = , (A.12) 

Q 5 = ga'n 5 , (A.13) 

Q P = fr^^p- ( A - 14 ) 

We can now see that metric splits into an outer flat space region and an inner 'core' 
region. The core region asymptote to AdS^ x S 3 x T 4 . To see the outer flat region it suffices 
to take r 2 ^ Qi. In this limit we get flat space 

4 

ds 2 = -dt 2 + dr 2 + r 2 dn 2 + dz f • ( A - 15 ) 

»=l 
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To see the core part of the geometry we can use the Killing symmetries dt and d v to 
rewrite the metric (|A.2[) as a fibration of these two directions over a four-dimensional base 
space [27 . This gives 



ds 2 



1 



{-(/ - M) [dt - (/ - M)- X M cosh(5i cosh<5 5 (ai cos 2 Odip + a 2 sin 2 
+ / [dy + / _1 Msinh5isinh(55(a2COS 2 6'd-0 + aisin 2 6ld(?!))] 2 | 

HlHb \ {r 2 + a 2 )(r^ + a 2 ) - Mr 2 + d6 ~ 
+ (/(/ - M))- 1 [(/(/ - M) + fa 2 sin 2 - (/ - M )a\ sin 2 0) sin 2 
+ 2Ma x a 2 sin 2 6> cos 2 fld^d^ 

+ (/(/ - M) + fa\ cos 2 9 -( f~ M)a\ cos 2 0) cos 2 6>dV> 2 ] | 

+ \/¥x>i> (A.16) 

where t — t cosh S p — y sinh <5 p , y — y cosh S p — t sinh <5 P . 

The near- horizon limit is obtained by assuming that Qi,Q§ 3> M, a 2 ,a|, and focusing 
on the region r 2 <C Qi, Q5. This amounts to taking H\ rj Qi, « Q5, and approximating 
M sinh (5i sinh £5 « M cosh 5i cosh 65 « VQiQs- This gives us the asymptotically AdS3 x S 3 
geometry: 

ds 2 = _A_ (-(/ - M)[dt - (/ - AO" WQMa! cos 2 gdV> + « 2 sin 2 
+ / [dy + rWQiQ5(a2 cos 2 0d^> + ai sin 2 M0)] 2 } 

, 2 ^ 2 w 2 , 2 . tj-j + d# 2 

+ (/(/ - M))- 1 [(/(/ - M) + /a 2 sin 2 9 - (/ - M)a\ sin 2 0) sin 2 
+ 2Ma x a 2 sin 2 6» cos 2 6>d?/;d^ 

+ (/(/ - M) + fa\ cos 2 6 - (/ - AOa 2 . cos 2 6>) cos 2 6»d^ 2 ] | 

Si^dz 2 . (A.17) 



1=1 
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This can be rewritten as 



UA inncr, BH 



= VQ1Q5I - [P 2 ~M 3 + 



dr 2 + p 2 



J? 
-i/r 



AO 2 + sin 2 



cos 2 6(dij 



R 



((oxCp - a 2 s p )dip + (a 2 c p - ais p )dr))) 5 



R 



VQ 



1W5 



((a 2 c p - ais p )dip + (aic p - a 2 s p )dr))) 2 



2 



(A.18) 



where 



Ms 



J3 = 



i=l 



i? 2 



[(M — a 2 — a 2 ,) cosh2(5 p + 2aia 2 sinh2(5 p ] 
(M — a 2 — a 2 ,) sinh2<5 p + 2etia 2 cosh2<5 p ] 



(A.19) 



Q1Q5 

The coordinates p, r and ip are related to the coordinates in flat space as 
R 2 

p 2 = — — — - (r 2 + (Af 2 - a 2 - o 2 ) sinh 2 <S p + aia 2 sinh 25 p ) 
Q1Q5 
t 

T = R> 

y 

In this limit the mass above extremality, S 1 momentum, and angular momenta become 

7T 



(A.20) 



AM 



ADM = 



_^Mcosh2<5 p , 
M 



Q P = — sinh2<5 p , 



J<t> — 



4G( 5 ) 

7T 

_ 4G( 5 ) 



V Q\Qs{a>\ cosh(5 p — a 2 sinh5 p 



V QiQ5(a2 cosh(5 p — ai sinh<5 p ) 



(A.21) 



In [37] non-extremal smooth solutions were constructed from the above black hole solu- 
tion by taking a limit where the y circle shrinks to zero at the larger root of g rr without a 
conical defect. Each such state has an inner AdS region. The AdS region ends in a smooth 
cap. In the decoupling limit the metric for these states is given by a global AdS with an 
S* 3 fibered over it: 

dp 2 



ds 2 = v/QiQs ~( P 2 + l)dr 2 + p 2 d<p 2 



d6 



2 ' sin 2 



4G (5) R 

7T QlQ< 



■(J-^dtp + J^dr)Y 



4(7(5) R 

cos 2 9(dip 7TTr( J 4> di P + J^dr)) 2 

7T QiQa 



1=1 



(A.22) 
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The coordinates p, r and ip are related to the coordinates in flat space as 

. Q1Q5 s 4 



R 2 

Q1Q5 
t 

R ' 

y_ 

R ' 



R 2 1 



where 



\Jn L {n L + 1) - y/n R (n R + 1) 



\Jn L {n L + 1) + \Jn R (n R + 1) 



(A.23) 



(A.24) 



The non-negative integers riL,n R parameterize these states. The mass above extremality 
and various charges are given by 



AM A 



DM 

Qp 

J,;, 
J,i, 



n L (n L + 1) + n R (n R + 1) 
R 

= (riL(riL + l)-n R (n R +l)) 



Q1Q5 



-{n L + n R + 1) 
(n-L - n R ) 



n Q1Q5 
4G( 5 ) R 

7T QlQ5 



4G( 5 ) R 



(A.25) 



Since all these geometries are smooth geometries without horizons they do not have entropy 
and temperature. Further details can be found in 127 . 
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